The ABC-stacked N -layer-graphene family of two-dimensional electron systems is described at low energies by two remarkably flat bands with Bloch states that have strongly momentum-dependent phase differences between carbon π-orbital amplitudes on different layers, and large associated momentum space Berry phases. These properties are most easily understood using a simplified model with only nearest-neighbor inter-layer hopping which leads to gapless semiconductor electronic structure, with p N dispersion in both conduction and valence bands. We report on a study of the electronic band structures of trilayers which uses ab initio density functional theory and k · p theory to fit the parameters of a π-band tight-binding model. We find that when remote interlayer hopping is retained, the triple Dirac point of the simplified model is split into three single Dirac points located along the three KM directions. External potential differences between top and bottom layers are strongly screened by charge transfer within the trilayer, but still open an energy gap at overall neutrality.
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Success
1 in isolating nearly perfect monolayer and few layer sheets from bulk graphite, along with progress 2 in the epitaxial growth of few-layer graphene samples, has led to an explosion of experimental and theoretical [3] [4] [5] [6] [7] interest in this interesting class of quasi-two-dimensional electron systems (2DES's). Unique aspects of the electronic structure of graphene based 2DES's have raised a number of new fundamental physics issues and raised hope for applications.
Monolayer graphene has a honeycomb lattice structure and is a gapless semiconductor. Hopping between its equivalent A and B sublattices gives rise to a massless Dirac fermion band structure with J = 1 chirality when the sublattice degree of freedom is treated as a pseudospin. In this paper we will find it useful to view the quantum two-level degree of freedom associated with two sublattice sites as a pseudospin in the multi-layer case as well. In AB-stacked graphene bilayers, for example, electrons on the A 2 and B 1 sublattices are repelled from the Fermi level by a direct interlayer tunneling process with energy γ 1 , leaving 8 only states that are concentrated on the A 1 and B 2 sites in the low-energy band-structure projection. When direct hopping between A 1 and B 2 sites is neglected, the two-step hopping process via high energy sites leads to p 2 conduction and valence band dispersions and to a pseudospin chirality that is doubled, i.e. to a phase difference between sublattice projections which is proportional to 2φ p where φ p is the two-dimensional momentum orientation. Pseudospin chirality has a substantial influence on interaction physics 9 in both singlelayer and bilayer graphene, and through the associated momentum space Berry phases also on Landau quantization and the integer quantum Hall effect. 8, [10] [11] [12] [13] . Because the two low-energy sublattices in bilayer graphene are located on opposite layers it is possible to introduce 14-18 a gap [19] [20] [21] [22] [23] [24] [25] [26] in the electronic structure simply by using gates to induce a difference in electric potential between layers. According to some theories a small gap could even emerge spontaneously [27] [28] [29] [30] [31] [32] in neutral graphene bilayers with weak disorder because of layer inversion symmetrybreaking.
Graphene bilayer 2DES's are quite distinct from single layer 2DES's because of their flatter band dispersion and the possibility of using external potentials to create gaps. Among all stacking possibilities, only the ABC arrangement (see below) maintains the following features that make Bernal bilayer electronic structure interesting in thicker N -layer films: (i) there are two low-energy sublattice sites, implying that a two band model provides a useful tool to describe its physics; (ii) the low energy sublattice sites are localized in the outermost layers, at A 1 and B N , and can be separated energetically by an electric field perpendicular to the film; (iii) hopping between low energy sites via high energy states is an Nstep process which leads to p N dispersion in conduction and valence bands, sublattice pseudospin chirality N and Berry phase N π. The low-energy bands are increasingly flat for larger N , at least when weak remote hopping processes are neglected, and the opportunity for interesting interaction and disorder physics is therefore stronger. Consequently, in the simplified chiral model, the densityof-states D(E) ∼ E (2−N )/N diverges as E approaches zero for N > 2 whereas it remains finite for N = 2 and vanishes for N = 1. These properties also have some relevance to more general stacking arrangements since the low energy Hamiltonian of a multilayer with any type of stacking can always be chiral-decomposed to a direct sum of ABC-stacked layers.
of monolayer and Bernal bilayer graphene, and we refer them collectively as the chiral 2D electron system (C2DES) family. We believe that they are likely to prove to be fertile ground for new physics. As a first step in the exploration of these materials we report in this paper on an effort to characterize the way in which the chirality N bands of an N -layer C2DES are altered by remote hopping processes neglected in the simplified model, focusing on the N = 3 trilayer case. We use ab initio density functional theory (DFT) calculations, combined with a k · p expansion of the low-energy bands near the Dirac point, to fit the parameters of a phenomenological tightbinding method (PTBM) for the π-bands of multilayer graphene. 13, [33] [34] [35] [36] [37] We find that details of the low-energy band dispersion can be used to fix rather definite values for the model's remote inter-layer hopping parameters.
Our paper is organized as follows. In section II we first sketch the derivation of the low energy effective band Hamiltonian of a trilayer, reserving details to an Appendix and explain how the interlayer hopping parameters influence the shape of constant energy surfaces. The values for these parameters obtained by fitting to our DFT calculations are surprisingly different from the values for the analogous hopping parameters in Bernal stacked layers, and are not yet available from experiment. In Section II we also discuss the evolution of constant energy surface pockets with energy, concentrating on the Lifshitz transitions at which pockets combine, in terms of Berry phase considerations and a competition between chiral dispersion and trigonal warping. In section III we use DFT to estimate the dependence of the trilayer energy gap on the external potential difference between top and bottom layers and compare with predictions based on the simplified two-band model. The simplified model picture is readily extended to higher N and we use it to discuss trends in thicker ABC multilayers. Finally, we conclude in Section IV with a discussion of how Berry phases modify the integer quantum Hall effect and weak localization in C2DES's and with some speculations on the role of electron-electron interactions in these two-dimensional materials.
II. EFFECTIVE MODEL AND BAND STRUCTURE A. Low Energy Effective Model
In ABC-stacked graphene layers, each layer has inequivalent triangular A and B sublattices. As illustrated in Fig. 1(a) , each adjacent layer pair forms a AB-stacked bilayer with the upper B sublattice directly on top of the lower A sublattice, and the upper A above the center of a hexagonal plaquette of the layer below. Our microscopic analysis uses the categorization of interlayer hopping processes illustrated in Fig. 1(b) , which is analogous to the Slonczewski-Weiss-McClure (SWM) parametrization of the tight binding model of bulk graphite with the Bernal stacking order. 38 Following convention γ 0 and γ 1 describe nearest neighbor intralayer and interlayer hopping respectively, γ 3 represents hopping between the low energy sites of a AB-stacked bilayer (i.e. A i ↔ B i+1 (i = 1, 2)), γ 4 couples low and high energy sites located on different layers (i.e. A i ↔ A i+1 and B i ↔ B i+1 (i = 1, 2)). We use γ 2 to denote direct hopping between the trilayer low energy sites, and δ as the on-site energy difference of A 1 and B 3 with respect to the high energy sites. γ 5 and γ 6 correspond to the presumably weaker couplings B 1 ↔ A 3 and S 1 ↔ S 3 (S = A, B), respectively and u i is used to denote the average potential of the ith layer.
(a) a The massless Dirac-Weyl quasiparticles of monolayer graphene are described by a k · p Hamiltonian,
where π = ξp x + ip y and ξ = +(−) for valley K(K ′ ). (In the rest of the paper we focus on bands near Brillouin zone corner K; the general result can be obtained by setting p x to ξp x .) The trilayer π-bands are the direct produce of three sets of monolayer bands, modified by the various interlayer coupling processes identified above. In a representation of sublattice sites in the order A 1 , B 3 , B 1 , A 2 , B 2 , A 3 , the trilayer Hamiltonian near valley K can then be expressed in the form:
where v i = √ 3aγ i /2 and a = 0.246nm. The identification of A 1 and B 3 as the low-energy sublattice sites is made by neglecting the weaker remote interlayer hopping processes and setting π → 0. We treat coupling between the low and high-energy subspaces perturbatively by writing the trilayer Greens function as
where the indices 1 and 2 denote the 2 × 2 low-energy block and the 4 × 4 high-energy block respectively. We then solve the Schrödinger equation, (G )
11 ψ low = 0, by using the block matrix inversion rule (
Since we are interested in the low-energy part of the spectrum we can view ǫ as small compared to H 22 . Expanding Eq. (4) to first order in ǫ, we find that (H eff − ǫ)ψ low = 0, where
The terms in the second parenthesis capture the leading hopping processes between low energy sites, including virtual hopping via high-energy states, while the first parenthesis captures an energy scale renormalization by a factor of order 1 − (v 0 p/γ 1 ) 2 due to higher-order processes which we drop except in the terms which arise from an external potential.
Using Eq. (5) we find that for ABC trilayer graphenê
Here we have chosen tan
, and neglected an overall energy scale associated with the external potentials. σ 0 is the identity matrix and the σ i 's are Pauli matrices acting on the low-energy pseudospin. We have retained leading terms with cubic, quadratic, and constant dispersions, which are due respectively to threestep, two-step, and one-step hopping processes between low energy sites. For trilayer graphene, the linear term is absent because the one step hopping (γ 2 ) is normal to the 2D space and therefore independent of momentum.Ĥ ch is the only term which appears in the effective
Hamiltonian in the simplified model with only nearest neighbor inter-layer tunneling. This term has pseudospin chirality J = 3 and dominates at larger values of p. It reflects coupling between low energy sites via a sequence of three nearest neighbor intralayer and interlayer hopping events.Ĥ tr is proportional to σ x and, because it is isotropic in 2D momentum space, is responsible for trigonal warping of constant energy surfaces when combined with the J = 3 chiral term. Notice that the direct hopping γ 2 process opens a small gap at the K points so thatĤ tr vanishes at finite p if γ 2 is positive.Ĥ s arises from a weaker coupling between low energy and high energy states that is present in bilayers and for any N > 1 multilayer system. This term in the effective Hamiltonian preserves layer inversion symmetry.Ĥ gap captures the external potential processes which break layer inversion symmetry and introduce a gap between electron and hole bands. The possibility of opening a gap with an external potential is unique to ABC stacked multilayers, increasing the possibility that they could be useful materials for future semiconductor devices. The strength of the gap term decreases with increasing momentum (since v 0 p ≪ γ 1 ) so that the gap around K has a Mexican hat shape, as we will discuss later.Ĥ ′ s is non-zero when the potential of the middle layer deviates from the average of the potentials on the outermost layers. UnlikeĤ gap , this term preserves the layer inversion symmetry and is not responsible for an energy gap. A non-zeroĤ ′ s is relevant when the electric fields in the two inter-layer regions are different. Further discussion on the derivation of this effective Hamiltonian and on the physical meaning of the various terms can be found in the Appendix. Note that for strict consistency the constant terms δ and γ 2 /2 should be accompanied by the factor 1
based on Eq. (5) which does appear inĤ gap . However we ignore this factor because δ and γ 2 /2 are already small.
B. AB Initio Density Functional Theory Calculations
We have performed ab initio DFT calculations 39 for an isolated graphene trilayer in the absence of a transverse external electric field which induces an electric potential difference between the layers. (DFT calculations in the presence of electric fields will be discussed in the next section.) Our electronic structure calculations were performed with plane wave basis sets and ultrasoft pseudopotentials 40 . The local density approximation (LDA) was used for the exchange and correlation potential. We fixed the interlayer separation to 0.335 nm and placed bulk trilayer graphene in a supercell with a 40 nm vacuum region, large enough to avoid intercell interactions. A 21 × 21 × 1 k-point mesh in the full supercell Brillouin zone (FBZ) was used with a 408 eV kinetic energy cut-off. The calculations were tested for large k-point meshes in the FBZ and large energy cutoffs for convergence studies. Fig. 2 shows the DFT energy band structure of ABC stacked trilayer graphene in the absence of an external electric field. The low energy band dispersion is nearly cubic at the two inequivalent corners K and K ′ of the hexagonal Brillouin zone, as predicted by the π-orbital tight-binding and continuum model phenomenologies. The conduction and valence bands meet at the Fermi level. Close enough to Fermi level the band is nearly flat, which indicates the important role interactions might play in this material.
C. Extracting hopping parameters from DFT
Previously, bulk graphite (with the Bernal stacking order) SWM hopping parameters have been extensively studied using DFT and measured in experiments. However, the values of the SWM parameters appropriate for ABC-stacked trilayer graphene were previously unknown. We extract their values by fitting the effective model with the DFT data in the zero electric field limit. The eigenenergies of the Hamiltonian in Eq. (6) in the absence of external potentials are
where
To extract the remote hopping parameters we first set the nearest neighbor in-plane hopping parameter γ 0 to 3.16 eV to set the overall energy scale. The values of δ and, up to a sign, γ 2 can then be obtained by comparing the band energies at p = 0 calculated by the two different methods. Then comparing E (+) + E (−) from the DFT data with Eq. (7), we obtain a value for γ 4 γ 0 /γ 1 . Finally we notice that Eq. (7) implies that the gap between conduction (+) and valence (−) bands vanishes at cos(3ϕ p ) = 1 if h tr is negative and Table I .
is the length of the reciprocal vectors and k = 0 is the K point.
at cos(3ϕ p ) = −1 if h tr is positive. Because of this property the Fermi level of a neutral balanced ABC trilayer is at the energy of three distinct Dirac points which are removed from the Dirac point separated in direction by 2π/3. The triple Dirac point of the trilayer's simplified model is split into three separate single Dirac points. The DFT theory result that the conduction valence gap vanishes along the K ′ M directions for which cos(3ϕ p ) = 1 implies that h tr is negative and helps to fix the sign of γ 2 . Values for γ 3 γ 0 /γ 1 and γ 3 0 /γ 2 1 are provided by the value of p at the Dirac points and the size of the splitting between conduction and valence bands (2 h 2 ch + h 2 tr ) along the cos(3ϕ p ) = 0 directions. The best overall fit we obtained to the bands around the K point and the deformed Dirac cones is summarized in Table I , where we compare with the corresponding fitting parameters for bulk graphite.
6,38 Our fit is extremely good in the low energy region in which we are interested, as shown in Fig. 3 , though there are still discrepancies as higher energies are approached. These discrepancies are expected because of the perturbative nature of the effective model and can be partly corrected by restoring the 1 − (v 0 p) 2 /γ 2 1 correction factor in Eq. (5).
D. Electron(Hole) Pockets and Lifshitz Transitions
With the effective model hopping parameters extracted from DFT we study the shape of the Fermi surface of a graphene trilayer. Fig. 4(a) shows the constant energy contour plot of the electron band around zero energy. Clearly, under remote hopping the J=3 Dirac points evolve into three separate J = 1 Dirac points symmetrically shifted away a little bit in the KM directions (k x ); each shifted Dirac point resembles a linear cone like the ones in monolayer graphene. The property that total chirality is conserved can be established by eval- 41 as a function of carrier density. Take the conduction band for example. As shown in Fig. 4(a) , immediately above zero energy, the constant energy surface consists of three separate Dirac pockets. At the first critical energy 6.7 meV, the three electron pockets combine and a central triangle-like hole pocket appears. (Energies are measured from the Fermi energy of a neutral trilayer.) At this energy three band-structure saddle points occur midway between the shifted Dirac points, and thus the density-of-states diverges. Fermi levels close to these 2D logarithmic van Hove singularities could lead to broken symmetry states. At the second critical energy 7.2 meV, the central pocket and the three remote pockets merge into a single pocket with a smoothed triangle shape. Fig. 4(a) is in excellent agreement with constant energy surfaces constructed directly from our DFT calculations (Figure not shown) . The two similar Lifshitz transition energies in the valence band occur at −7.9 meV and −9.9 meV. The constant energy surface at the second Lifshitz transition solves
where +(−) refers to conduction and valence band cases. This critical condition can be specified using the law of cosines as shown in Fig. 5 , where for trilayers φ Berry = 3π and h 0 = |γ 2 /2| ± 2v 0 v 4 p 2 /γ 1 . This momentumdependent trigonometric condition can be easily generalized to the case of any other graphene multilayer and to the case with an external potential difference. Above the second Lifshitz transition, the constant energy sur- face is triangular in shape, with a trigonal distortion that differs in orientation compared to the one obtained by plugging the bulk graphite values for the hopping parameters into the same effective model Eq. (6) as illustrated in Fig. 4(b) . The ABC-stacked trilayer trigonal distortion has a different orientation and is weaker. The difference mainly reflects a difference in the sign of γ 3 , which favors anti-bonding orbitals at low energies. The warping of the constant energy surface becomes hexagonal at 8 ∼ 9 meV, which provides nearly parallel flat pieces on the edges of the hexagon leading to strong nesting. This might support some competing ground states and a density-wave ordered phase might then exist at a small but finite interaction strength. The electronic properties of low-carrier density systems in graphene trilayers will be sensitive to these detailed band features. Future ARPES experiments should be able to determine whether or not these features are predicted correctly by our DFT calculations. Fig. 6 shows the energy band structure of a ABCstacked graphene trilayer for several external electric potential differences between the outermost layers. In the presence of an external field, as in the graphene bilayer case, the energy gap is direct but, because the low-energy spectrum develops a Mexican hat structure as the electric potential difference increases, occurs away from the K or K ′ point. Charge transfer from the high-potential layer to the low-potential layer partially screens the external potential in both bilayer and multilayer cases. Fig. 7(a) plots the screened potential U and Fig. 7(b) the energy gap, as a function of the external potential U ext for bilayers and trilayers calculated using both DFT and the full band self-consistent Hartree approximation. The simple model Hartree calculations agree quite well with the DFT results generally. We find that the screening is stronger in a trilayer system, and that the maximum energy gap is slightly smaller. In both bilayer and trilayer, remote hopping suppresses the size of the energy gap but make little difference to the screening. 
III. INDUCED BAND GAPS IN TRILAYERS A. Energy Bands with Electric Fields

B. Self-Consistent Hartree Calculation
As in the bilayer case, it is interesting to develop a theory of gap formation and external potential screening for ABC trilayers by combining the low-energy effective model with a Poisson equation which takes Hartree interactions into account. This simplified approach provides a basis for discussing the dependence on layer number for general N . We therefore consider an isolated graphene N -layer with an interlayer separation d = 0.335nm under an external electric field E ext perpendicular to the layers, neglecting the finite thickness and crystalline inhomogeneity of the graphene layers. In an isolated system charge can only be transferred between layers so that n = n t + n b = 0. Defining δn = n b = −n t and using a Poisson equation, we find that the screened electric potential difference U between the outermost layers is
In the two-band effective model, δn is accumulated through the layer pseudospin polarization of the valence band states and is thus given by the following integral over momentum space:
where the factor 2 accounts for spin degeneracy, |ψ i (k) is a band eigenstate in the presence of E ext , band index i runs over all the filled valence band states, and σ z /2 denotes the layer-pseudospin. Any Hamiltonian of a two-band model can be generally written as represents the DFT calculations while † ( * ) denotes the full band self-consistent Hartree calculations without (with) remote hopping γ3.
tan φ p = h 2 /h 1 the conduction and valence band states in the sublattice representation are
It follows that
where p c = γ 1 /v 0 is the high momentum cutoff of the effective model and ϕ p is the angle of p. Let's first discuss the simplified two-band model which has only the chiral term. For general N
The (12), we obtain an algebraic formula for the self-consistent Hartree potential valid for general N :
where a 0 = 0.053nm is the Bohr radius, m 2 is the effective mass of a graphene bilayer, t c = (2γ 1 /U ) 2/N and 2 F 1 is Gauss' hypergeometric function. In the limit of large N , F (N, U ) → 1 and thus the Hartree equation reduces to
except at very small U . For small U and N = 2, the Hartree equation reads
which is consistent with previous Hartree calculations in graphene bilayers 15 . In the limit of small U for N > 2, the Hartree equation has the asymptotic form
where the factor C = [
The larger the value of N , the flatter the chiral bands, and the stronger the screening. For N = 2 the screening response is linear up to a logarithmic factor, while for larger N , superlinear screening leads to a screened potential difference which initially grows slowly with external potential following U ∝ U N/2 ext . The strongest possible screening reduction of the external potential corresponds to the Hartree-potential due to transfer of all the states in the energy regime ≤ 2γ 1 over which the low energy model applies to one layer.
For the trilayer case we can perform a similar calculation using the full low-energy Hamiltonian derived in Eq. (6) . In this case we find that
2 , and K(x) is the complete elliptic integral of the first kind. Fig. 8 compares the screening 
the energy regime over which the low-energy effective model applies, we see that screening increases systematically with N because of smaller gaps between conduction and valence band orbitals which make the occupied valence band orbitals more polarizable. The comparison between the simplified chiral model and the low-energy effective model for N = 3 demonstrates that remote hopping processes suppress screening because they tend to increase the gap between conduction and valence bands at momenta near the Brillouin-zone corner. In concluding this section we caution that occupied σ orbitals, neglected in the low-energy effective model and π-band tight-binding models, will contribute slightly to polarization by an external electric field and therefore to screening. Furthermore exchange potentials will also be altered by an external electric field and influence the screening. Since exchange interactions are attractive, they always work against screening and will make a negative contribution to the screening ratio we have discussed in multilayers. Because the low energy eigenstates in multilayers are coherent superpositions of states localized in different layers, our DFT calculations which employ a local exchange approximation, might also yield inaccurate results for the screening ratio. In fact simple measurements of the screening properties might provide a valuable window on many-body physics in ABC-stacked graphene multilayers which lies outside the scope of commonly employed approximations.
IV. DISCUSSION
We have derived an effective model for the lowenergy conduction and valence bands of an ABC-stacked graphene multilayer. The low-energy model can be viewed as a momentum-dependent pseudospin Hamiltonian, with the pseudospin constructed from the low energy sites on the top and bottom layers. The simplified version of this model starts from a π-band tight-binding model with only nearest neighbor hopping and yields a pseudospin magnetic field whose magnitude varies as momentum p N in an N-layer stack and whose direction is N φ p where φ p is the momentum orientation. The likely importance of electron-electron interactions in multilayers can be judged by comparing the characteristic band and interaction energies in a system with carrier density n and Fermi wavevector p F ∝ √ n. The characteristic Coulomb interaction energy per-particle in all cases goes like e 2 n 1/2 , while the band energy goes like n N/2 . For low-carrier densities the band energy scale is always smaller. In the case of trilayer ABC graphene, the interaction energy scale is larger than the band energy scale for carrier density n < 10 12 cm −2 .
Although interactions are clearly important and can potentially introduce new physics, the chiral band model is not valid at low-densities because of the influence of remote hopping processes which we have estimated in this article by carefully fitting a low-energy effective model to DFT bands. The Hamiltonian in Eq. (6) combined with the parameters in Table I should be used to describe graphene trilayers with low carrier densities. In a realistic system the Fermi surface of a ABC trilayer with a low carrier density consists of three electron pockets centered away from the K point. As the carrier density grows these pockets convert via a sequence of two closely spaced Lifshitz transitions into a single K-centered pocket. The carrier density at the Lifshitz transition is ∼ 10 11 cm −2 , which translates to a Coulomb interaction scale of ∼ 45 meV, compared to a Fermi energy of ∼ 7 meV.
The Berry phase associated with the momentumdependence of the pseudospin orientation field, π for a full rotation in single-layers and 2π in the bilayer chiral model for example, is known [42] [43] [44] [45] [46] [47] [48] to have an important influence on quantum corrections to transport. Because of their very different Berry phases time-reversed paths are expected to interfere destructively for N -odd systems while constructively for N -even system, leading to weak anti-localization for odd N and weak localization for even N . This general tendency will however be altered by trigonal and other corrections to the low-energy effective Hamiltonian, like those we have derived for trilayers. The influence of these band features on quantum corrections to transport can be evaluated starting from the results obtained here.
Another important consequence of Berry phases in the chiral model is the unconventional Landau level structure it yields 8, [10] [11] [12] [13] . In the chiral model for ABC trilayers there is a three-fold degeneracy at the Dirac point, in addition to the usual spin and valley degeneracies. This grouping of Landau level leads to the expectation that quantum Hall studies in trilayers will reveal plateaus that jump from one at −6e 2 /h to one at 6e 2 /h. Electron-electron interactions acting alone are expected to lift these degeneracies and give rise to quantum Hall ferromagnetism [49] [50] [51] . These interaction effects will act in concert with small corrections to the Landau level structures due to the remote hopping terms that have been quantified in this paper.
Although we have discussed the case of ABC stacked trilayers, we expect qualitatively similar results for ABC stacking sequences of general thickness N . At low energies the band structure will consist of a conduction and a valence band with p N dispersion and a gap in the presence of an external electric field across the film. In the presence of a magnetic field N Landau levels are pinned to the neutral system Fermi level for each spin and valley. At the lowest energies, within around 10meV of the neutral system Fermi level, constant energy surfaces will be strongly influenced by remote hopping processes which will also split the Dirac point Landau levels. The remote hopping terms give rise to saddle-points in the band structure at which the density-of-states will diverge. Broken symmetry electronic states are mostly likely to occur when the Fermi level is coincident with these saddle points. The energy range over which the low-energy effective model applies will, however, decrease with film thickness. We expect both disorder and interaction effects to be strong within this family of low-dimensional electron systems, which should be accessible to experimental study in samples for which disorder is weak on the energy scale over which the low-energy effective model applies.
In summary, we have derived an effective model for trilayers, extracted the hopping parameters for ABCstacked multilayers, from DFT and studied the trilayer Fermi surfaces. Furthermore, we have explored the screening effect in trilayers and then explained and compared with other C2DES cases by a tight-binding model self-consistent Hartree method. Lastly, we have argued the importance of Berry phases and interactions in C2DES. (f ) a As a result of tight-binding model, each term of the effective Hamiltonian Eq. (6) has a unique physical picture. Hereafter, we view the strongly stacked pair B i A i+1 as a single dimer site and assume zero external potentials for simplicity. The general formula of effective low energy models Eq. (5) can be understood as following. The terms in the second parenthesis represent the leading hopping processes, while the terms in the first parenthesis are approximately 1 − (v 0 p/γ 1 ) 2 and give a small correction. H 11 is the unperturbed Hamiltonian of low energy sites and thus includes the direct hopping and onsite energy. H 21 and H 12 are hoppings from and to low energy sites, respectively, describing the coupling to high energy ones. −1 H 21 is reduced to two-step and hence the chiral term is quadratic. In the trilayer case, for the matrix element B 3 A 1 , H 11 provides the first term ofĤ tr shown in Fig. 9(a) Fig. 9(b) and (c)(d Fig. 9(e)(f) .
Generally, in order to derive the low energy effective model for a general ABC-stacked N -layer graphene, we first need to write a 2N × 2N Hamiltonian matrix as Eq. (2), then we specify all the leading hopping processes in the diagrammatic language like Fig. 9 , instead of inverting the large Hamiltonian matrix. The hopping diagrams are convenient for systematic calculations in a way similar to the way Feynman diagrams help in perturbation theories. The exact coefficient of one hopping process can be easily calculated using Eq. (5) by picking up the starting and ending sites, setting matrix elements of unrelated sites as zero and turning off the unrelated hopping parameters. Frequently, one hopping process can be neglected because its requirement of more than one sub-hopping with comparably small amplitudes.
